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Numerous soft materials jam into an amorphous solid at high packing fraction. This non-
equilibrium phase transition is best understood in the context of a model system in which par-
ticles repel elastically when they overlap. Recently, however, it was shown that introducing any
finite amount of attraction between particles changes the universality class of the transition. The
properties of this new “sticky jamming” class remain almost entirely unexplored. We use molecu-
lar dynamics simulations and scaling analysis to determine the shear modulus, bulk modulus, and
coordination of marginal solids close to the sticky jamming point. In each case, the behavior of the
system departs sharply and qualitatively from the purely repulsive case.
PACS numbers:
Non-Brownian dispersions such as emulsions, foams,
and pastes jam into amorphous solids above a critical
packing fraction [1]. This nonequilibrium rigidity transi-
tion is best understood in a (by now canonical) model in
which athermal spheres interact when they overlap [2, 3].
Nearly all prior work has focused on the case where the
interaction potential is purely repulsive [4]. Nevertheless,
amorphous soft matter generically displays some degree
of “stickiness,” e.g. due to depletion interactions in emul-
sions [5–7], finite contact angles in foams [8], or liquid
bridges in wet granular media [9–12].
Amorphous solids of sticky particles differ from their
repulsive counterparts: they jam at lower packing frac-
tions, with structural signatures reminiscent of gels
[13, 14]; they form shear bands under conditions where
repulsive particles do not [15–18]; and, most tellingly,
they belong to a distinct universality class [19]. It was
recently shown that repulsive jamming is a singular limit,
i.e. any finite attraction between particles places a system
in the sticky jamming class [20]. As attraction is generic,
we expect sticky jamming to be relevant to a broad range
of natural and engineered systems.
What are the mechanical properties of sticky solids? In
repulsive jamming, the elastic moduli and mean coordi-
nation display power law scaling as a function of distance
to the critical packing fraction [3, 4]. While it seems
plausible that similar scaling relations exist near sticky
jamming, this hypothesis has not been tested, and the
critical exponents are not known. Here we study criti-
cal scaling in marginally jammed packings of sticky disks
(Fig. 1) and show that they depart qualitatively from
the familiar repulsive jamming scenario in three distinct
ways. First, the shear modulus G vanishes with a criti-
cal exponent that is significantly larger than its repulsive
counterpart. Second, the bulk modulus K also vanishes
continuously at the sticky jamming point, unlike the dis-
continuous transition seen in repulsive systems. Finally,
sticky jamming is overconstrained: at the critical pack-
ing fraction, constraints on motion (i.e. bonds) outnum-
ber particulate degrees of freedom. The isostatic case,
where the two quantities balance precisely, is specific to
repulsive jamming.
Model.— We consider systems of N = 1024 particles in
d = 2 dimensions prepared in a periodic square cell. Each
particle has a disk-shaped core of radius σi surrounded
by an annular shell of thickness aσi. We use the standard
50:50 bidisperse mixture with a size ratio of 1.4:1 [3, 21],
and take the core diameter of the small disks as our unit
of length. The finite-ranged force between disks can be
expressed as a piecewise function of their overlap δij =
σij − rij , where σij = σi + σj and rij is the distance
between their centers,
fij =
 k δij δij ≥ −aσij−k(δij + 2aσij) −aσij > δij ≥ −2aσij
0 δij < −2aσij .
(1)
See also Fig. 1b. This force law is chosen both for its
simplicity and for consistency with prior work [13–17, 19,
20]. Overlapping cores contribute a repulsive spring-like
interaction with stiffness k = 1, which fixes our units of
stress. Overlap between outer shells gives an attractive
contribution; the parameter a fixes both its range and
the maximum tensile force. We use this dimensionless
number to characterize attraction strength.
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While the large majority of theoretical and numerical studies of the jamming transition consider athermal
packings of purely repulsive spheres, real complex fluids and soft solids generically display attraction
between particles. By studying the statistics of rigid clusters in simulations of soft particles with an
attractive shell, we present evidence for two distinct jamming scenarios. Strongly attractive systems
undergo a continuous transition in which rigid clusters grow and ultimately diverge in size at a critical
packing fraction. Purely repulsive and weakly attractive systems jam via a first-order transition, with no
growing cluster size. We further show that the weakly attractive scenario is a finite size effect, so that for
any nonzero attraction strength, a sufficiently large system will fall in the strongly attrac ive universality
class. We therefore expect attractive jamming to be generic in the laboratory and in nature.
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Numerous complex fluids, including emulsions, foams,
pastes, powders, sand, and blood, can jam into soft amor-
phous solids under increasing packing fraction [1,2]. In
recent years, enormous progress towards a fundamental
understanding of jammed matter has been driven by theo-
retical and numerical studies of dense systems of athermal
spheres interacting via purely repulsive contact forces.
There is now general agreement on how the structure and
mechanics of repulsive soft spheres are governed by
proximity to the jamming transition at a critical packing
fractionϕc—see, e.g., Refs. [3–12] for a partial list. This line
of study implicitly (and occasionally explicitly [13])
assumes that repulsive particles yield broad or even univer-
sal insights into the marginally jammed state. Nevertheless,
purely repulsive interactions are not generic in the laboratory
or in nature. While stickiness has various origins (e.g., van
der Waals forces [14], depletion effects [15,16], wetting
effects [17–19], interface deformation [20,21], critical
Casimir forces [22], etc.), particles typically attract their
neighbors, and pure repulsion is only possible with careful
tuning. The few existing studies of jamming with attraction
reveal significant differences, including a gel-like structure
with large voids [23,24] and shear banding [25–28]. Most
remarkably, Lois et al. [29] showed that strongly attractive
soft spheres belong to a new universality class, distinct from
both repulsive jamming and rigidity percolation on generic
lattices [30,31]. But it remains unclear when repulsive
jamming gives way to attractive jamming—one cannot
currently predict whether a given experimental system falls
into the repulsive or attractive jamming class.
In this Letter, we demonstrate that attraction dramatically
influences the growth of rigid clusters. A cluster is rigid if,
when removed from the packing, its only zero-frequency
vibrational modes are rigid body motions. A system is
jammed if it contains a spanning rigid cluster [32]. Figure 1
depicts disk packing with “weak” [Fig. 1(a), top row] and
“strong” [bottom row] attraction; they differ in the thick-
ness of n attractive shel [Fig. 1(b)]. Th largest rigid
cluster in each packing is shaded red. For weak attraction,
the largest cluster contains just a few particles until a
spanning cluster appears suddenly at ϕc. This scenario
resembles the first- rder transitio observed in repulsive
systems [30,31], suggesting that attraction acts as a
small perturbation. In sharp contrast, clust rs in strongly
(a)
(b)
FIG. 1. (a) Packings with weak and strong attraction for
packing fractions ϕ near the point ϕc where they jam. Particles
in red form the largest rigid cluster. (b) Contact force law for a
pair of particles with an attractive shell.
PHYSICAL REVIEW LETTERS 121, 188002 (2018)
Editors' Suggestion
0031-9007=18=121(18)=188002(5) 188002-1 © 2018 American Physical Society
rij
(1+2a)σ j
2σi
0 1 1+2a
0
rij/σij
f ij/kσ ij
FIG. 1: (left) A periodic packing of sticky disks. Red disks
participate in the spanning rigid cluster. (right) Their force
law. The dimensionless parameter a sets both the range and
strength of the attractive interaction; a = 0.1 at left.
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2Systems at a selected attraction strength and packing
fraction φ, calculated from the cores, are prepared by
randomly placing particles in the unit cell and instan-
taneously quenching to a local energy minimum using a
nonlinear conjugate gradient algorithm [21]. Each sys-
tem is analyzed with the pebble game algorithm [22],
which yields a complete set of rigid clusters and redun-
dancies. A rigid cluster is a set of connected particles
whose eigenfrequencies are all finite, apart from trivial
rigid body motions. A redundancy is a set of bonds, any
one of which can be removed from the cluster they belong
to without loss of rigidity. For each redundancy there ex-
ists a corresponding state of self-stress (SSS), a balanced
configuration of forces compatible with the system’s con-
tact network. While redundancies arise naturally in the
context of the pebble game, SSS’s are more widely dis-
cussed in the literature – see e.g. [23–28]. We refer to a
system as jammed if it contains a rigid cluster that spans
the unit cell. For each jammed state the shear modulus G
and bulk modulus K are calculated in the harmonic ap-
proximation; this requires inverting the Hessian matrix,
as detailed in Refs. [29, 30].
In repulsive systems the spanning cluster appears at
φ = φc(0) ≈ 0.842 [3, 20, 21, 31]. Attractive systems jam
instead at φc(a) = φc(0)−(a), where (a) represents the
volumetric strain needed to compress the system from
φc(0) to φc(a). We previously found that it scales as
(a) '
(
a
a0
)ν
, (2)
with ν ≈ 0.5 and a0 ≈ 0.80 [20]. In the same study, we
found that cluster size statistics display finite size effects
for attraction strengths below a characteristic scale a∗ ∼
1/N , while next-nearest neighbor overlaps occur above
a ≈ 0.1. We therefore focus here on 10−3 ≤ a ≤ 10−1.
Shear modulus.— We first consider the shear modu-
lus G as a function of packing fraction and attraction
strength. In Fig. 2a one sees that, while G vanishes con-
tinuously for all cases, the packing fraction where it van-
ishes decreases with increasing a. We assume (and val-
idate below) that this corresponds to the critical pack-
ing fraction determined from rigid cluster percolation.
For the smallest attraction strengths in Fig. 1a (where
a ' a∗), the modulus resembles its form in repulsive jam-
ming, G0 = g0 ∆φ
µ
0 with g0 ≈ 0.22, ∆φ0 ≡ φ−φc(0), and
µ = 1/2 [3]. As a increases, however, the initial growth
is shallower, suggestive of a power law with an exponent
larger than 1, and any resemblance to the shear modulus
of a repulsive jammed state is lost.
Scaling analysis can quantify the above observations
by expressing G(φ, a) in terms of a master curve G that
depends on a single rescaled variable α. To motivate α,
we note that there are three relevant packing fractions in
our system: φ, φc(a), and φc(0). Close to unjamming,
we expect properties to scale with the distance φ−φc(a),
while ∆φ0 will become relevant deeper in the jammed
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FIG. 2: (a) The shear modulus sticky disk packings at vary-
ing attraction strengths a, given in the legend. This legend
applies to all subsequent figures, as well. (b) Data collapse
of the rescaled shear modulus as a function of the scaling
variable α. (inset) The same data plotted versus α− 1.
phase. One could therefore construct α from the ratio of
these two distances. An equivalent (and ultimately more
practical) approach is to replace the distance to the sticky
jamming point with the distance between the repulsive
and sticky jamming points, (a), i.e. to choose
α ≡
(

|∆φ0|
)1/ν
' a/a0|∆φ0|1/ν . (3)
Note that α has been defined so as to be linear in a. We
then make the scaling ansatz
G = |G0| G±(α) . (4)
The function G±(α) has one branch for each sign of ∆φ0.
A test of the scaling ansatz is shown in Fig. 2b. There
is indeed good data collapse. The upper branch G+ ap-
proaches unity when α vanishes, i.e. the modulus for re-
pulsive jamming is recovered. The lower branch G− van-
ishes for states below α ≈ 1, indicative of unjamming.
Some states do exist slightly below α = 1; we attribute
this to finite size effects, which smear out φc(a) [20]. It
is apparent that there is also a third scaling regime, in
which both branches scale as G± ∼ α∆ for some positive
exponent ∆. This expression describes the shear modu-
lus when φ ≈ φc(0). Since G remains finite at φc(0) when
a is nonzero, any dependence on ∆φ0 must be subdomi-
nant. This requirement is only satisfied if ∆ = µν = 0.25,
which we verify below.
3Clearly the initial growth of G in sticky jammed sys-
tems does not follow the square root scaling seen in repul-
sive jamming. This observation can be quantified with
the aid of Eq. (4). We begin by making the ansatz that,
sufficiently close to φc(a), G grows as a power law,
G ' f(a) [φ− φc(a)]ψ , (5)
for some exponent ψ > 0. As there is no reason to for-
bid it, Eq. (5) includes a prefactor f(a) that depends on
attraction strength. We assume f ' cG a−ω to leading
order. Importantly, the exponent ω is not free; in order
to be compatible with the scaling ansatz (4), it must be
ω = νψ −∆. Hence Eq. (5) can be re-written as
G− ' cG α∆
[
1− α−ν]ψ . (6)
Eq. (6) provides an excellent fit to the data in Fig. 2a
for ψ = 2.5 (hence ω = 1.0) and cG = 0.81. It correctly
captures the full form of the lower branch G−, includ-
ing the asymptotic limits α → 1+ (see also the inset to
Fig. 2b, which plots the same data versus α − 1), and
α → ∞ (validating ∆ = 0.25). We conclude that the
shear modulus in sticky disk packings is well described
by Eq. (5) for φc(a) ≤ φ . φc(0). This (re-)confirms
that sticky jammed states have a different mechanical
character from their repulsive counterparts.
To complete our description of the scaling function,
we note that the form G+ = [1 + (cG α∆)2]1/2 has the
required asymptotics and fits the upper branch over the
full range of α – see the the long-dashed curve in Fig. 2b.
Bulk modulus.— Next we consider the bulk modulus
K as a function of packing fraction for varying attrac-
tion strength, as shown in Fig. 3a. Note that there is
an important difference between G and K in repulsive
systems – while the shear modulus vanishes continuously
at φc(0), the bulk modulus undergoes a jump (dashed
curve). In systems with finite attraction strength, how-
ever, the bulk modulus is continuous, and grows in a
manner reminiscent of the shear modulus.
Because of the discontinuity in the repulsive bulk mod-
ulus, it is not possible to collapse the data of Fig. 3a to
a two-branched master curve analogous to Fig. 2b. How-
ever, the fact that K in sticky systems vanishes contin-
uously suggests that our approach to G may also be ef-
fective in describing the bulk modulus when the packing
fraction is sufficiently far below φc(0). In Fig. 3b we plot
K/|G0| versus α, restricted to packings where φ ≤ 0.81.
We find that the collapsed data are well described by
the function K− = 9.8G−. We conclude that the same
critical exponents govern both moduli close to φc(a).
Coordination and redundancies.— The mean coordina-
tion z characterizes contact network structure and plays a
fundamental role in theoretical predictions for the moduli
of repulsive jammed packings, e.g. [32, 33]. It is therefore
useful to investigate the relationship between coordina-
tion and packing fraction.
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FIG. 3: (a) The bulk modulus of sticky disk packings at
varying attraction strengths a. (b) The rescaled bulk modulus
for φ ≤ 0.81 plotted as a function of the scaling variable α
(main panel) and α− 1 (inset).
Let us first recall the main result of Maxwell-Calladine
counting, which relates degrees of freedom, constraints
on motion, floppy modes, and redundancies in a net-
work of nodes and bonds (viz. particles and contacts)
[23]. It states that d − 12z = nf − nr + O(1/N), where
nf and nr are the numbers of floppy modes and re-
dundancies per node, respectively. We will neglect the
O(1/N) correction, which depends on boundary condi-
tions. Applying this relation to a spanning rigid cluster,
which has no floppy modes, gives the mean coordina-
tion z = ziso + 2nr, where ziso ≡ 2d is the Maxwell iso-
static value. Therefore compressing the system, which
creates new contacts, also introduces an equal number of
redundancies. While Maxwell-Calladine counting places
no further constraints on nr, it is an empirical fact that
nr vanishes at the jamming point in repulsive systems
[3, 34–36], i.e. zc(a = 0) = ziso. In fact, z = ziso is often
used as a criterion for jamming. Given this context, in
Fig. 4a we plot nr as a function of φ for varying a. Un-
like repulsive systems, nr remains finite as φ approaches
φc(a), indicating that the spanning cluster is overcon-
strained, zc(a) > ziso. Hence the Maxwell isostatic value
does not signal rigidity percolation in sticky systems.
In order to quantify the critical redundancy density
nc(a) ≡ nr(φc(a)), we investigate the point where the
shear modulus vanishes in a plot of G versus nr, as shown
in the inset of Fig. 4b. We have verified that the bulk
modulus also vanishes at the same redundancy density
(not shown). We seek to collapse the data by plotting
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FIG. 4: (a) The redundancy density nr plotted as a function
of packing fraction for varying attraction strengths a. (b)
Collapse of the shear modulus with nr when both are rescaled
with aδ. (inset) The same data without rescaling. The dashed
line has slope 1.
(a/a0)
δG versus nr/(a/a0)
δ; the same exponent δ must
appear on each axis to ensure that G ∼ nr, the known
form for repulsive systems [3, 32], is recovered when when
a → 0. We find good data collapse for δ = 0.75, with
the master curve vanishing at a value n0 ≈ 0.85 (Fig. 4b,
main panel). This implies that nc ' n0 (a/a0)δ, and that
the excess coordination at the attractive jamming point
is zc(a) − ziso = 2nc ∼ [φc(0) − φc(a)]δ/ν (see Fig. 4a,
dashed curve). Above the sticky jamming point, the ex-
pression G ∼ nr − nc represents a natural generalization
of the repulsive case and, further, provides a reasonable
fit to our data (dashed curve, Fig. 4b main panel). In
other words, G grows in proportion to the number of
redundancies in excess of those present in the spanning
cluster at percolation.
Discussion.— We have shown that sticky jamming dif-
fers from repulsive jamming in three distinct ways. While
the shear modulus in repulsive packings vanishes continu-
ously with a critical exponent µ = 1/2, in sticky jamming
the exponent ψ ≈ 2.5 is much larger. The bulk modulus
in sticky systems vanishes continuously and in proportion
to G, unlike repulsive jamming where it is discontinuous.
And redundancies persist at the sticky jamming point,
with number density nc ∼ aδ and δ ≈ 0.75. In contrast,
nc vanishes at the repulsive jamming point.
The mechanical and structural properties identified
here represent a challenge to existing theories of elas-
ticity in marginal solids [32, 33, 37, 38]. A successful
theory should predict the values of the exponents ψ, δ,
and ν, each of which remain empirical. More qualita-
tively, we are not aware of any theory that predicts un-
jamming with nc > 0 (and hence z > ziso). As ziso = 2d
results from a mean field counting argument, explaining
this result may require a non-mean field theory. Effec-
tive medium theories for marginal elastic solids predict
both G and K to vanish continuously [37]; however, they
do not successfully account for the repulsive case [39].
While there is a successful theory of elasticity in repulsive
jammed solids [32], a straightforward generalization of its
results would predict both G and K are discontinuous at
sticky unjamming due to the presence of redundancies.
There are several obvious directions for future work.
The force law in Eq. (1) is particularly simple, with just
one parameter a; untangling the role of, e.g., the max-
imum tensile force and the range of the interaction will
facilitate comparisons to experiment. Finite size scal-
ing analysis will help to validate our conclusions and
to sharpen estimated values for the critical exponents.
While the results here are for d = 2 dimensions, we ex-
pect to find critical scaling in three dimensions as well.
However, the critical exponents ψ, δ, and ν may differ, as
is the case for other exponents near sticky jamming [19].
And finally, it is natural to ask how sticky systems re-
spond under small- and large-amplitude oscillatory shear,
which would build a bridge between the present work and
viscoelasticity in repulsive jamming [30, 40, 41], as well
as steady shear flow in sticky systems [16, 17].
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